Introduction {#Sec1}
============

The global analysis of PDFs has progressed significantly in recent years. On the experimental front, there is data ranging from the fixed-target regime at low energy, on to HERA and the LHC at very high energies. On the theoretical front, the analysis can be performed not only at NLO, but now at NNLO. To capitalize on these advances, it is essential to include a proper treatment of the heavy quarks to enable high-precision phenomenological analysis of measurements.

The variable flavor number scheme (VFNS) allows us to deal with the heavy-quark mass scale across the full kinematic range by varying the number of active flavors ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _m$$\end{document}$ where we match these together; this will be the scale where we introduce the heavy-quark PDF.
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                \begin{document}$$c_{n \, k}$$\end{document}$ can be perturbatively computed.[1](#Fn1){ref-type="fn"}

The new xFitter 2.0.0 program[2](#Fn2){ref-type="fn"} links to the APFEL code \[[@CR18]\] which has implemented generalized matching conditions that enable the switch from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _m=m_H$$\end{document}$; this flexibility provides a number of advantages. For example, as the matching scale moves to higher scales, the theory at the lower scales effectively becomes a fixed flavor number scheme (FFNS); yet we still retain a VFNS at the higher scales.
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                \begin{document}$$\mu _m$$\end{document}$ represents a source of theoretical uncertainty. The variable matching scale implemented in xFitter provides a new incisive tool to study the impact of these choices across a broad kinematic region. Additionally, as we move from NLO to NNLO calculations, new features are encountered, and these compel us to reexamine some of the foundational elements used to construct this theoretical framework.
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                \begin{document}$$\mu _m = m_H$$\end{document}$ is of particular relevance for heavy-quark initiated processes at the LHC. In this context, the benefits of the FFNS close to the threshold region and of the VFNS at higher scales are often simultaneously needed to describe the data. Therefore, a careful choice of the matching scales could help formulate a matching prescription between FFNS and VFNS able to achieve this goal in a very simple fashion \[[@CR19]\].

This study will examine the combined HERA data set and evaluate the impact of the matching scale on the features of the fit of PDFs. In Sect. [2](#Sec2){ref-type="sec"}, we review the key elements of the VFNS used in this study. Section [3](#Sec7){ref-type="sec"}, shows the impact of the matching scale $\documentclass[12pt]{minimal}
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Variable flavor number scheme (VFNS) {#Sec2}
====================================

Here we will outline the key concepts of the heavy-quark VFNS which are relevant for this investigation.
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A generalized formulation of the VFNS factorization is based on the Collins--Wilczek--Zee (CWZ) renormalization scheme which involves a sequence of sub-schemes parameterized by the number of active quark flavors ($\documentclass[12pt]{minimal}
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Historically, the matching scale $\documentclass[12pt]{minimal}
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For example, the generic NLO matching condition for the PDFs at the $\documentclass[12pt]{minimal}
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Smooth matching across flavor thresholds {#Sec5}
----------------------------------------

To gauge the impact of the contributions of the heavy-quark PDFs in a process independent manner, we can compare the DGLAP evolved heavy-quark PDF $\documentclass[12pt]{minimal}
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Thus, the combination $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(f_b - \widetilde{f}_b)$$\end{document}$ represents (approximately) the difference between a VFNS and FFNS result.[5](#Fn5){ref-type="fn"} These quantities are displayed in Fig. [2](#Fig2){ref-type="fig"}. In the region $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \sim m_b$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_b(x,\mu )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{f}_b(x,\mu )$$\end{document}$ match precisely; it is this cancellation which (at NLO) ensures physical quantities will have a smooth transition across the flavor threshold.

At larger $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ scales, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_b(x,\mu )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{f}_b(x,\mu )$$\end{document}$ begin to diverge; this indicates that the resummed heavy-quark logarithms are becoming sizable. The details clearly depend on the specific *x* values. For large *x* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\sim 0.1$$\end{document}$) we find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_b(x,\mu ) >\widetilde{f}_b(x,\mu )$$\end{document}$, while for small *x* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\sim 0.001$$\end{document}$) the result is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_b(x,\mu ) <\widetilde{f}_b(x,\mu )$$\end{document}$; finally, for intermediate *x* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\sim 0.01$$\end{document}$) the two terms nearly balance even for sizable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ scales.

While the QCD theory ensures proper matching, this is not so easy to implement in a general numeric calculation for all observables, especially for complex observables involving multiple numeric integrations. In particular, the cancellation of Fig. [2](#Fig2){ref-type="fig"} requires that the quark masses $\documentclass[12pt]{minimal}
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In practice, there are almost always slight differences. A typical analysis might use a variety of PDFs from different PDF groups, together with a selection of fragmentation functions; each of these will be generated with a specific set of quark masses and $\documentclass[12pt]{minimal}
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As an extreme example, one could imagine delaying the matching scale to infinity ($\documentclass[12pt]{minimal}
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A separate example is present in the transverse momentum ($\documentclass[12pt]{minimal}
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Discontinuities {#Sec6}
---------------
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The ability to vary the matching scale $\documentclass[12pt]{minimal}
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Having sketched the characteristics of a flexible matching scale $\documentclass[12pt]{minimal}
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Impact of matching on the PDFs {#Sec8}
------------------------------

Figure [3](#Fig3){ref-type="fig"} displays the effect of different values of the bottom matching scale $\documentclass[12pt]{minimal}
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As already mentioned, if we choose to match at $\documentclass[12pt]{minimal}
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The PDF fits {#Sec10}
============

xFitter, APFEL, and data sets {#Sec11}
-----------------------------

To study the effects of varying the matching scales for the charm and bottom quark we will perform a series of fits to various data sets. Since we are varying the matching scales in the vicinity of $\documentclass[12pt]{minimal}
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Fig. 5$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^{2}$$\end{document}$ vs. the charm matching scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{c}$$\end{document}$ at **a** NLO and **b** NNLO for all data sets. The bin boundaries for the HERA data set "HERA1+2 NCep 920" are indicated by the vertical lines Fig. 6$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^{2}$$\end{document}$ vs. the charm matching scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{c}$$\end{document}$ at **a** NLO and **b** NNLO for only the H1-ZEUS combined charm production data; note, this includes the correlated $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ contribution from Tables [1](#Tab1){ref-type="table"} and [2](#Tab2){ref-type="table"}

The charm cross section data are expected to be sensitive to the treatment of the charm PDF in the threshold region, and this is reflected in the results of Figs. [5](#Fig5){ref-type="fig"}, [6](#Fig6){ref-type="fig"} and Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}.
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Turning to the NNLO analysis of Fig. [5](#Fig5){ref-type="fig"}b and the results of Table [2](#Tab2){ref-type="table"}, a number of points are evident. Again, the two data sets with the largest impact are the H1-ZEUS combined charm cross section data, and the "HERA1+2NCep 920" set. In Fig. [5](#Fig5){ref-type="fig"} the vertical lines indicate the bin boundaries for the "HERA1+2NCep 920" data set.
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Impact of matching on the fits: bottom {#Sec13}
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Examining the NLO analysis of Fig. [7](#Fig7){ref-type="fig"}a, there is a slight minimum for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ in the region $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _b \sim 2 m_b$$\end{document}$ with relatively flat behavior at larger $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _b$$\end{document}$ scales. Correspondingly, there is a similar behavior when we focus on only the bottom data of Fig. [8](#Fig8){ref-type="fig"}a. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ results for each individual data set is summarized in Table [3](#Tab3){ref-type="table"}.

The data sets with the largest effects are (i) the very precise "HERA1+2NCep 920" set, and (ii) the separate H1 and ZEUS bottom cross section data. The H1 and ZEUS bottom cross sections display some minimal $\documentclass[12pt]{minimal}
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Focusing on the bottom data alone as shown in Fig. [8](#Fig8){ref-type="fig"}b, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ profile is flat within one unit across the plot range.

For both Figs. [7](#Fig7){ref-type="fig"}b and [8](#Fig8){ref-type="fig"}b, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ variation is within a reasonable "tolerance" factor for the global fit; thus, the matching scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _b$$\end{document}$ can vary within this range with minimal impact on the resulting fit.

The scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _b$$\end{document}$ can extend up to larger scales, and Tables [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"} display the results for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10m_b$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$14m_b$$\end{document}$. The pattern across the various data sets is consistent, and the overall $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ values rise slowly.

Comparisons {#Sec14}
-----------
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Conclusions {#Sec16}
===========
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In conclusion, we find that the ability to vary the heavy flavor matching scales $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _m$$\end{document}$, not only provides new insights into the intricacies of QCD, but also has practical advantages for PDF fits.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_H$$\end{document}$ is the mass of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_F+1$$\end{document}$ flavor quark. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _S(\mu )$$\end{document}$, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{n \, k}$$\end{document}$ coefficients are available in the Particle Data Group review of Quantum Chromodynamics \[[@CR15]\].

Information on the xFitter program can be found at <http://www.xFitter.org>, and in Refs. \[[@CR16], [@CR17]\].
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In Eq. ([4](#Equ4){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$f_b(x,\mu )$$\end{document}$ sums an infinite tower of splittings. Note, we have used the NNPDF30_lo_as_118_nf_6 PDFs to precisely match the order of the splitting kernels in the NLO calculation.

The above correspondences are only approximate as the VFNS and FFNS also differ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _S$$\end{document}$ and the PDFs.

A first study of the impact of moving the bottom matching scale with respect to the bottom mass was already done in Ref. \[[@CR28]\] in the context of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{b}bH$$\end{document}$ production at the LHC using a matched scheme. The approach developed in this study was more recently applied to the 13 TeV LHC in Ref. \[[@CR29]\].

At NNLO, the bottom-quark matching condition also receives contributions from the light quarks as well as gluons; this has been included in the calculation.

While the VFNS framework is compatible with an intrinsic charm or bottom PDF, we do not introduce these into the current study. For additional details, see Refs. \[[@CR30]--[@CR33]\].

For these scans we hold the bottom matching fixed at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{b}=m_{b}$$\end{document}$ and keep $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{c}<m_{b}$$\end{document}$ so the ordering of the mass thresholds is not inverted.
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                \begin{document}$$N_F$$\end{document}$ dependent PDF as illustrated in Refs. \[[@CR22], [@CR45]\].

However, it is generally advisable not to backwards evolve too far in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ as this can become unstable \[[@CR48], [@CR49]\].
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